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SCOPE 

The adverse effect of longitudinal mixing on mass transfer 
in continuous contact, multiphase equipment is now well doc- 
umented. Nevertheless, there are still many facets of the dis- 
persion process that are not yet adequately understood, a prime 
example being the differences in the dispersion parameter 
values obtained from dispersion experiments when a soluble 
rather than an inert tracer is used (Hatton and Woodburn, 1978; 
Linek et al., 1978). Through an extension of the generalized 
dispersion theory of Gill and Sankarasubramanian (1970,1971), 
it was recently shown that the hydrodynamic and mass transfer 

interactions between the phases can have a significant effect 
on the dispersion coefficients for the individual phases (Hatton 
and Lightfoot, 1982). Only interphase mass transfer was con- 
sidered, however, and no account .was taken of the possible ef- 
fects of chemical reaction on these parameters. This restriction 
has now been removed and the developments presented here 
allow not only for homogeneous chemical reactions in the in- 
dividual phases, but also for wallcatalyzed, heterogeneous re- 
actions. All reactions are assumed to be of first order, and may 
be either reversible or irreversible. 

CONCLUSIONS AND SIGNIFICANCE 
The mathematical developments reported here extend the 

convective dispersion theory of Gill anld Sankarasubramanian 
(1970, 1971) to multiphase (or multisculute) systems, and now 
permit this theory to be applied in any transverse average, not 
just the area average used in the past. Moreover, both homo- 
geneous and heterogeneous, wallcatalyzed reactions are readily 

handled using this theory, allowing an assessment to be made 
of the effect of chemical and mass transfer interactions on the 
dispersion characteristics of the individual phases or species. 
A numerical study based on the theoretical results obtained in 
this work is given in Part 11. 

INTRODUCTION 

Despite the fact that two-phase flow processes form the over- 
whelming bulk of all the operations carried out in the petro- 
chemical and allied industries, it would appear that dependable 
strategies for scale-up from laboratory 01 pilot-plant runs, and for 
process optimization, are, in the main, still lacking. The extension 
of the traditional plug-flow model to allow for the adverse effects 
of longitudinal mixing on the mass transfer performance of mul- 
tiphase contactors has, to some extent, alleviated this problem. 
However, one is still faced with the often inconsistent and unreli- 
able experimental data reported in the literature for the dispersion 
and mass transfer parameters appearing in the model descriptions. 
For gas-liquid operations in packed beds, for instance, it would 
seem that much has still to be done before the dispersion processes 
have been sufficiently well-characterized for confident inclusion 
in design procedures, whereas for mechanically agitated systems 
there is still no clear consensus even as to the relative importance 
of mixing in the dispersed phase vis-a-ois that in the continuous 
phase (Hatton, 1981). 

Correspondence concerning this paper should be addre:jsed to T. A. Hatton, Department of 
Chrmical Engineering, M.I.T., Cambridge, MA 02139. 

Although there is a large body of literature on the experimental 
evaluation of dispersion coefficients in process equipment, sur- 
prisingly little attention has been paid to uncovering the underlying 
structure of these coefficients through detailed mathematical 
analyses of the hydrodynamic and physico-chemical characteristics 
of the systems under consideration. Yet, in light of the large-scale 
deviations from ideal plug flow known to persist in industrial in- 
stallations, it would seem that it is precisely these flow maldistri- 
bution effects that should be entertained before any further 
progress can be anticipated in the quantitative interpretation and 
prediction of column behavior. It was in an attempt to better un- 
derstand these phenomena that Hatton and Lightfoot (1982) ex- 
tended the generalized dispersion theory of Gill and Sankarasu- 
bramanian (1970, 1971) to two-phase, counter-current mass 
transfer systems. They found that interphase mass transfer inter- 
actions can affect the dispersion characteristics of the individual 
phases significantly, and that care should be exercised in using 
published dispersion data for design purposes. Their analysis was 
restricted to the transfer of a single, nonreactive solute. 

In many industrially significant separation processes the trans- 
ferred species is reacted with a suitable reagent in the receiving 
phase to either enhance the rate of mass transfer or to improve the 
selectivity of the process for one soluble component over another. 
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Common examples are the absorption of carbon dioxide by amine 
solutions, and the selective removal of hydrogen sulfide from 
H&COz mixtures, also using amine solutions. In other applications, 
promotion of the chemical reaction itself is the primary reason for 
bringing the phases together, as in the slurry and trickle-bed re- 
actors used in industrial hydrogenation and polymerisation pro- 
cesses. 

Popular accounts of interphase mass transfer accompanied by 
chemical reaction (Astarita, 1967; Danckwerts, 1970) make only 
passing reference to the design of countercurrent contactors using 
the axial dispersion model, and even then it is tacitly assumed that 
dispersion coefficients estimated from intraphase studies are di- 
rectly applicable under reactive mass transfer conditions. Since it 
is now known that simple mass transfer interactions can, to a large 
extent, affect the dispersion processes, it is to be anticipated that 
the added complication of chemical interactions may also have a 
pronounced effect on the dispersion characteristics of the individual 
phases. It is our purpose here to investigate this conjecture, and we 
do so through a further extension of the generalized dispersion 
theory of Gill and Sankarasubramanian (1970,1971) to allow also 
for reactive solutes. 

A related problem is that of the convective dispersion of a mix- 
ture of reactants which can undergo either homogeneous chemical 
transformation or wall-catalyzed heterogeneous reaction, or both. 
Again, the problem is one of suitably describing the axial dispersion 
characteristics of the system in terms of a one-dimensional dis- 
persed plug-flow model. While much progress has been made in 
this regard for singlesolute systems (Sankarasubramanian and Gill, 
1973, 1974; Subramanian et al., 1974; Gill, 1975; Fife and Nicholes, 
1975; De Gance and Johns, 1978), currently available results on 
multisolute interactions are limited either in their scope, or in their 
general applicability. 

Johns and De Gance (1975) used Taylor-type reasoning to de- 
velop expressions for the effective solute velocities and dispersion 
coefficients for multicomponent diffusion-reaction systems. 
However, for single-solute systems, Subramanian et al. (1974) 
concluded that such intuitive arguments may fail when extended 
beyond their original framework, and hence it would seem that 
the Johns and De Gance results must be approached with some 
caution. Indeed, the work of Aris (1980) on the dispersion of solutes 
undergoing consecutive irreversible reactions supports this con- 
tention, and he has commented on the need for further investiga- 
tion into multisolute reaction systems. De Gance and Johns (1980) 
have subsequently presented some results on diffusional interac- 
tions, although only for a restricted set of conditions. 

In this paper, we extend our earlier analysis (Hatton and 
Lightfoot, 1982) to include multiphase (or multisolute) interactions, 
allowing for homogeneous and heterogeneous, reversible and ir- 
reversible, first-order chemical reactions, assuming isothermal 
conditions throughout. We begin by describing a general mathe- 
matical model of continuous contact, multiphase reactors which 
explicitly accounts for the possible existence of large-scale flow 
maldistribution effects, and we show how this model, and the 
singlephase, multisolute problem, can be handled within the same 
mathematical framework. The importance of the concentration- 
averaging procedures used in the experimental determination of 
dispersion coefficients is discussed next, followed by a multiphase 
generalization of Gill and Sankarasubramanian’s (1970) convective 
dispersion theory, in which we allow for arbitrary transverse av- 
eraging, which may differ from one phase to the next. The paper 
concludes with a discussion of the qualitative observations that can 
be made based on the results of our analysis. Specific numerical 
examples are reported in a companion paper (Hatton and Light- 
foot, 1983). 

MATHEMATICAL MODEL OF MULTIPHASE REACTORS 

Axial mixing in multiphase contactors can be affected by a hi- 
erarchy of dispersion processes which, broadly speaking, may be 
classified according to the distance scales over which they act. The 

two processes of primary concern to us here are the convective 
dispersion effects, caused by large-scale velocity nonuniformities, 
and the turbulent eddy processes, which act locally over distances 
on the order of the characteristic eddy sizes, or packing particle 
dimensions. The lateral turbulent mixing is responsible for a partial 
mitigation of the radial concentration profile distortions caused 
by the convective nonuniformities, and this gives rise to the well- 
known phenomenon of Taylor dispersion. It is this effect that is 
normally observed in tracer tests for determining axial dispersion 
coefficients, and it is therefore important that these interactions 
between the large-scale flow maldistributions and the lateral tur- 
bulent mixing be accommodated in any realistic investigation of 
the structure of the axial dispersion coefficients routinely measured 
in laboratory and pilot-scale tests. 

Mathematical descriptions of multiphase contactors are usually 
based on the pseudocontinuum approximation, wherein all phases 
are supposed to coexist at every point within the contactor, and the 
fine details of the local phase distributions are ignored. Such an 
approach is eminently suitable for our modelling purposes, since 
the flow maldistribution and channelling effects can then be de- 
scribed in terms of nonuniform velocity profiles, taken to be con- 
tinuous functions of radial position, and the turbulent eddy mixing 
can be likened to a diffusion-type process, characterized by eddy 
diffusion coefficients for each phase. While it is probable that these 
parameters will depend on the local hydrodynamic conditions, in 
the interests of mathematical tractability we assume them to be 
everywhere constant, independent of position. However, the local 
dispersion processes will, in general, be anisotropic, and hence the 
parameters for any given phase will differ depending on whether 
they describe dispersion parallel with or normal to the primary flow 
direction. 

Any solute that is distributed between two or more phases will 
be treated as a different species within each phase, so that inter- 
phase mass transfer, characterized in the customary manner 
through an overall mass transfer coefficient, can be looked upon 
as a reversible, first-order chemical reaction, the mass transfer 
coefficient playing the role of the reaction rate constant. Hence, 
in our analysis we do not distinguish between actual interphase 
chemical reactions and the interphase mass transfer processes- 
mathematically they are equivalent. Irreversible reactions are 
readily accommodated in the reaction scheme if it is recognized 
that the principle of microscopic reversibility precludes the feed- 
back of any subsequent reaction products to the reaction scheme 
under consideration. Hence these reaction products can be ignored 
in setting up the problem statement. For simplicity, we assume that 
none of the reactants participating in the reversible reaction scheme 
is itself the product of an irreversible reaction. 

With this set of assumptions, the material balance equations for 
a differential element of the contactor can be expressed in matrix 
notation as 

with radial boundary conditions reflecting symmetry about the 
column center, and an impermeable (or inert) wall, respec- 
tively: 

(2) 

Here, c is the vector of solute concentrations, c is the matrix of 
fractional holdup ratios for the individual phases, and v(r) is the 
matrix of velocity profiles corresponding to these phases. The 
matrices D, and 0, contain the axial and radial eddy diffusion 
coefficients, respectively. These matrices are all diagonal. The 
matrix of reaction rate constants R’ is comprised of two parts, one 
(&) corresponding to the reversible reaction schemes, and the 
other (&) being the diagonal matrix of reaction rate constants for 
the irreversible solute degradation reactions. The elements of R‘,,, 
must satisfy ril 2 0 for i # j ,  and 

- “ = O  a t r = O  a n d r = R ,  
67 

(3) 
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where N is the number of species considered. 
In the absence of nonlinear effects, Eqs. 1 and 2 constitute a fairly 

general model of multiphase separations processes and reactors of 
the slurry and trickle-bed type, and can be used in conjunction with 
a generalized dispersion theory to investigate the axial dispersion 
characteristics of such contactors. Here, we will be concerned only 
with the initial distribution, or pulse dispersion problem, since, for 
linear systems, this gives the fundamental solution from which the 
results for all other classes of problems may be generated through 
superpositioning arguments. The procedures we follow require that 
we assume a doubly infinite column in our analysis, and it is for this 
reason that we have refrained from specifying axial boundary 
conditions in the problem statement. For cocurrent reactors, this 
should pose no undue difficulties since thle solute will, for the most 
part, move downstream from the point of injection, and will not 
see the upstream regions. Hence, in such cases it is immaterial 
whether or not the system is finite. Unfortunately, similar con- 
siderations do not apply under countercurrent flow conditions, 
since solute is able to move upstream from its point of injection and 
can be removed from the system permanently. As a result, the 
development of the solute pulse with time for counterflow systems 
will certainly be affected by the lack of suitable finite axial 
boundaries. Nevertheless, it is felt that even though our counter- 
current results will not be truly representative of the actual pro- 
cesses under consideration, they will contribute significantly to our 
understanding of the convective dispersion phenomena in such 
systems. 

A second class of problems, related to the one just discussed, is 
that in which there are multiple chemical reactions occurring si- 
multaneously in a single-phase tubular reactor. These reactions may 
be either homogeneous in the bulk of the fluid or heterogeneous 
at the tube wall. Again, both reversible and irreversible reaction 
schemes are allowed for, subject of course to the usual linearity 
restrictions. This problem is characterized by a single velocity u(r) 
for all species, and its mathematical statement is 

where 9 is a diagonal matrix of molecular diffusion coefficients, 
and R, like IT, is a matrix of reaction rate constants for both re- 
versible and irreversible reactions pathways. [We explicitly exclude 
the possibility of the diffusional interactions between the species 
implied by a more general matrix 9. DeGance and Johns (1980), 
allowed for a diffusional coupling between the species, but only 
for the nonreactive problem. Indeed, when heterogeneous wall 
reactions were accommodated in their model, they found it nec- 
essary to restrict their 9-matrix such that 9 = DI. This restriction 
is not necessary in the developments that follow.] The elements of 
kreV must satisfy kfj 2 0 for i # j and 

N 

j=1 
t # i  

The similarity between Eqs. 1 and 2 and Eqs. 4 through 6 is 
obvious, and, indeed, both sets of equations are special cases of the 
more general problem 

hi = - C kji (7) 

a t q = l  

Here, all dimensional quantities have been suitably scaled by de- 
fining the dimensionless variables 

r = tu,/R,; r = z / R , ;  q = r /Rc  

R = ! & R f ;  K = C K f  R 
U T  U r  

where ur is some reference velocity. 
It is perhaps worthwhile to note at this point that the multiphase 

reactor problem is recovered by setting K = 0, whereas for the 
tubular reactor we must have E = Iand  V(r)  = u(r)I/ur. 

DEVELOPMENT OF THE AXIAL DISPERSION MODEL 

The traditional description of mass transfer and chemical re- 
action in multiphase contactors is in terms of the one-dimensional 
axial dispersion model, which approximates the axial variations 
in, and temporal evolution of, the average concentrations of the 
individual species and phases. For initial distribution problems, 
this model can be put on a more rigorous footing using the detailed 
two-dimensional model introduced above, and a multiphase gen- 
eralization of the convective dispersion theory of Gill and San- 
karasubramanian (1970,1971). 

The average concentrations measured during dispersion ex- 
periments depend on the means of solute detection (e.g., cup- 
mixing, area and radial average concentrations have all been used, 
as have point concentration values) and, indeed, for multiphase 
systems the averaging procedures used may differ from one phase 
to another. Thus, while in actual process operations the cupmixing 
or flow-average concentration of each phase may be of most in- 
terest, we should, nevertheless, also address the problem of other, 
arbitrary transverse averaging. To do this, we introduce a diagonal 
matrix w(q) of weighting functions which reflect the different 
concentration measurement techniques for the individual phases. 
[For instance, if cupmixing averages are desired, w(q) = ( V)-l V, 
whereas for area averages w(q) is given by the identity matrix. Note 
that w(q) should be normalized such that ( w )  = I.] We also define 
an average species concentration vector c, by 

(11) 

Equation 11 also serves to define the averages denoted by (.) (the 
area average) and (-1. 

Our first step in the development of the axial dispersion model 
is to take the appropriate average of Eq. 8 by multiplying through 
by 2qw(q) and integrating over 9 from 0 to 1. We obtain 

c, = 2 s,' qwcdq= (wc)  = Icl 

where A = w R - R w  

and 

At this point, it would appear that we are at an impasse because, 
while it is our purpose to develop a one-dimensional description 
in terms of the average concentration c, only, a number of the 
terms in Eq., 12 cannot be related directly to c,. Indeed, this is a 
problem common to all convective dispersion studies, and the 
procedures developed by Aris (1956), Gill and Sankarasubramanian 
(1970,1971) and DeGance and Johns (1978) for single-phase sys- 
tems are all attempts to circumvent this difficulty. Here, we extend 
the ideas put forward by Gill and Sankarasubramanian (1970), and 
postulate that the concentration vector ccan be expanded in terms 
of a suitably defined average concentration, 6,. and its axial de- 
rivatives. Thus 
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where 

em = 8,l and @k = diag(&), . . . , $iN)) 
Gill (1969) and Hatton and Lightfoot (1982) used a similar ex- 

pansion in their analyses of two phase, interacting flow systems, 
using as 8, the area-average concentration taken over both phases. 
Here, however, we use a different definition for 8, which, for the 
moment, we assume to be known, preferring to leave the discussion 
of its explicit form until later. 

With the expansion (Eq. 13) we have 

- p O ) - l  dc, - {*oj-2{*1) - b2Cm -- 
ar  a r  a? 

On substituting Eqs. 13 through 16 in Eq. 12, and defining 

we can show, after some algebraic rearrangement, that 

or 

are, in general, nondiagonal, and hence do not commute with the 
other matrices, all of which are diagonal. The additional interac- 
tions between the species indicated by the general form of the Ti 
are a result of not only the heterogeneous wall reactions, but also 
arise when different transverse averaging procedures are adopted 
for the individual phases. 

Now, for single-phase systems Gill and Sankarasubramanian 
(1971) demonstrated that the leading coefficient in the summation 
term is at least two orders of magnitude smaller than the coefficient 
of the second order axial derivative terms, and that, to a good ap- 
proximation, the terms containing third order and higher deriva- 
tives of Om could be discarded. Hence, following their example, 
and neglecting the entire righthand side of Eq. 19, we recognize 
that our result resembles the familiar axial dispersion model fre- 
quently used in tracer studies. Furthermore, the structure of the 
model parameters R, Yand F1 can be determined explicitly on 
identification of the expansion coefficients &,,& and 42, and this 
is to be the purpose of the next few sections. We begin by intro- 
ducing a differential operator which arises naturally in the problem 
formulation, and whose spectral properties play a crucial role in 
the identification of Om, and in the solution of the differential 
equations for the coefficients $k. 

SELF-ADJOINT OPERATOR 

We consider the operator 

with domain 

and, looking ahead, we note that the successful determination of 
Om,  and the expansion of the qjk in terms of the eigenfunctions of 
this operator, rest on the proper identification of a suitable inner 
product between any two N-dimensional vector functions within 
the domain of L under which the self-adjointedness of L is assured. 
This in turn ensures that all the eigenvalues of the operator are real, 
and that the eigenfunctions are orthogonal. Our problem, then, is 
to determine a diagonal weighting matrix Wsuch that under the 
inner product 

the operator L satisfies 

We begin by writing Eq. 26 in full, 

and, on integration by parts, find it reduces to 

where we have noted that terms containing the diagonal, irre- 
versible reaction rate matrices Ri,, and Ki,, fall away by simple 
cancellation. 

We now observe that, for Eq. 28 to be consistent for all xand y 
in the domain of L, we require the expressions 

and 
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(30) 
to be satisfied simultaneously for all i and j .  Here, the wi are the 
diagonal components of the matrix W By extending the arguments 
advanced by Ramkrishna and Amundsoin (1973) we can show that 
these conditions are automatically met if the wi are selected such 
that 

r..w = r..w 
Z l  1 33 1 

wi = 1/c; (31) 
where C* is the equilibrium concentration vector, which, in the 
absence of irreversible reactions, will satisfy the equation 

(Rrm + yKev)c*  = 0 (32) 
where y is the surface area to volume iratio for the reactor. This 
equation has only one independent solution, since (R,,, + yK,,,) 
has rank ( N  - 1). [Note, however, that R,,, and K,,, can, indi- 
vidually, have lower rank than ( N  - I).] 

It follows from the principle of microscopic reversibility that 

(rij + 7kij)c; = (rji + ykji)c; 

(rij + Ykij)l /c; = (rji + ykji)l /c; 

or 

(33) 

Now, if rii = rji = 0, Eq. 29 is automatically satisfied, and Eq. 30 
is trivially so. Similarly, Eqs. 29 and 30 are also satisfied if k,, = kji 

= 0. The remaining case to be considered is when rij ,  rji, kij and 
kji are all nonzero. Under such conditiam we must have 

(34) 

since, although the catalyst can change the rate of the reaction At 
G A j ,  it cannot alter the thermodynami'c equilibrium point of this 
reaction. Equation 33 is 

w=h 
rji kji 

which reduces to Eq. 30 when the equality (Eq. 34) is used. In an 
identical manner, it can be shown that Isq. 33 is also equivalent to 
Eq. 29, and this completes the proof of out assertion that Eqs. 29 
and 30 are automatically satisfied if the wi are selected in accor- 
dance with Eq. 31. 

With these results, it is evident that for the operator L to be 
self-adjoint under the inner product (Eq 25), the weighting matrix 
W must be given by 

W = diag( l/c:, . . . , l/c;V) (36) 

IDENTIFICATION OF em 
Sankarasubramanian and Gill (1973, 1974) experienced a 

number of difficulties in extending their analysis for passive solutes 
to include heterogeneous wall reactions, difficulties which can be 
traced directly to the transverse averaging procedure employed, 
as has been pointed out by DeGance and Johns (1978). It has not 
been recognized, however, that the transverse averaging used to 
construct the dispersion coefficients need not be the same as that 
employed in the definition of the average concentration, 8,. In- 
deed, provided the & used in the expansion (Eq. 13) are deter- 
mined such that they are consistent with the definition of 8,, there 
appears to be no reason why we should restrict 8, to be the area- 
average concentration, as has been done in the past. It would seem 
more appropriate to select 8, in such a manner as to facilitate the 
identification of the coefficients &,  and thereby avoid the dif- 
ficulties encountered by Sankarasubramanian and Gill (1973,1974) 
while still retaining the coherence of their basic formalism. Here 
we develop an averaging procedure which enables the identifi- 
cation of the most suitable form, from a computational point of 
view, for 8,. The development is an extension of the concept of 
a "preferred average" first suggested by De Gance and Johns (1978) 
in their study on single-solute diffusion-reaction problems. 

Let A; be the smallest eigenvalue, and Xo be the corresponding 
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eigenfunction, of the operator L. Then, on multiplying Eq. 8 
through by ZqX; Wand integrating over 7 from 0 to 1, we get 

But 

and thus 

+ A!( x ; f ~ W c )  - ( X,'( WR - RT W)C) 
+ 2[X,T( WK - KT W ) C ] , = ~  = 0 (38) 

The last two terms are zero because of the nature of the matrices 
W, Rand K, and hence, if we define the average concentration B, 
by 

8, = ($€WC) (XO,C) (39) 
we have 

With this definition of Om, we shall see that the equations for the 
& are particularly simple-if any other definition is used, the 
problems encountered by Gill and Sankarasubramanian will again 
arise, greatly complicating the complete solution to the 
problem. 

DIFFERENTIAL EQUATIONS FOR THE 4 k  

If we substitute Eq. 13 in Eq. 8, we get 

But, b8,ldr is given by Eq. 40. Thus, after some rearrangement 
Eq. 41 becomes 

The coefficient of each dkB,,,/bCk can now be set to zero, 
giving 

with 
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The boundary conditions on the & are 

(45) 

For consistency, we restrict our initial conditions on c to those 
which are separable functions of q and ( The initial concentration 
must then be of the form 

co = h(r)z(n (47) 

(48) 

Hence 

orno = ( X O ~ C O )  = ( X O , ~ ) Z  
and Eq. 13 is, for 7 = 0, 

where &0(7) is the initial distribution for &. 

on t$k must be 
On comparing Eqs. 47 and 48, we find that the initial condition 

It is also evident, on inspection of the identity 
m 

(51) 
bk 0, 

k = l  3 lk om = ( x O , C )  = (xO,&O)om + c (XO,'$k) - 
that the & should satisfy 

( XO&k) = 60k (52) 

Solutions for the I#Jk can be constructed using the normalized 
eigenfunctions of the operator (Eqs. 23-24); the identification of 
these eigenfunctions follows in the next section. 

EIGENFUNCTIONS OF THE OPERATOR L 

If X, is an eigenfunction of the eigenproblem (Eqs. 23-24), we 
have 

which has the solution 

x n  = JO(MnT)An (54) 

I% = P,[% + Rl (55) 
and the term in Yo(M,q) is omitted because of the symmetry 
condition at q = 0. The boundary condition at q = 1 yields 

LMnJl(Mn) - PqKJo(M)IAn = 0 (56) 

det[MnJl(&) - pqKJ~(Mn)l = 0 (57) 
The eigenvalues for this eigenproblem are thus those values of X i  
which satisfy the characteristic equation (Eq. 57). Once these have 
been determined, the coefficient vectors A, can be evaluated to 
within arbitrary constants, which are selected to ensure the or- 
thonormality condition 

where 

which system of equations can only be consistent if 

( Xm,Xn) = 2 q X z c  WX,dq = 6, (58) s,' 
holds. 

If there are no heterogeneous wall reactions (i.e., K=  0, the null 
matrix), the solutions for the eigenvalues and eigenfunctions be- 
come somewhat simpler. The characteristic equation (Eq. 57) re- 
duces to 

N 

i=1 
d e t [ M J i ( K ) I  = II VniJl(Vni) = 0 (59), 

where the 4j are the characteristic values of the matrix h#. (Note: 
An asterisk subscript on the equation number indicates the equation 
is valid for K = 0 only.) For a given value of n, there are N values 
of Af which will ensure that the condition (Eq. 59) is satisfied, each 
corresponding to a different equation in the set 

VniJl(Vn<) = 0 (I = 1J" (W, 

= 0 (W, 
Thus, if a, is the nth nonzero root of 

then N equations for X: result, and these are Y,, = an(i = 1,N). 
But, since the vnj all satisfy the same polynomial equation, viz. 

det[ i@ - v; I ]  = 0, (W, 
the characteristic equation for the N values of A: follows from this 
expression by replacing v", by af. Thus, with minor rearrangement, 
we have that the N eigenvalues A:], . , . , AfN are the roots of 
polynomial 

det[c-l(a;C' - R) - AZI] = 0 (631, 

i.e., they are the characteristic values of the matrix e-'(a;P;;' - 
R). 

For each value of A:, (a = l ,N)  there is a corresponding eigen- 
function &,, which is of the form 

X n i h )  = Jo(anV)Ani (i = 1J"  @4), 

The coefficients Ant are the characteristic vectors of the matrix 
~-l(afP;' - R), satisfying the equations 

[cx~P;'  - (R + AZi€)]Ani = 0 (i = 1,N) (65), 

and should be scaled to ensure normality of the X,,, i.e., to en- 
sure 

( X n i . X n r )  = 1 (661, 

A compact representation of the eigenvalue problem can be 
obtained when K = 0 if we define the matrices 

X n  = [xnl,. . . , &NI  = Jo(anq)[Anl,. . . , Jo(anV)% 

and 

A: = diag(XE,, . . . , AzN) 

Then X, satisfies 

d -  - X , = O  
d.rl 

a t q = O  and q = 1 

and the orthonormality relation is 

SOLUTIONS FOR THE 4k 

The expansion of f$k in terms of the eigenfunctions of the oper- 
ator L is of the form 

k = 2 Xn(q)Tnk(T) (72) 
n =O 

which, on substitution in Eq. 43, yields 
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I d  d 
q d q (  d q  ) €Xn--- q1-- q - x n  

n=O ‘ { di;k [ 
or with Eq. 53, 

If we now multiply through by 2qPm W, and integrate over q 
from 0 to 1, taking note of the orthonormality condition (Eq. 58), 
we find 

(75) 
dTmk - + (A; - A;)Tnk = (A&,e- ’Rk)  
dr 

The solution to Eq. 75 is 

Tmk(?) = e-(’L-’8)‘ Tmk(0) 

+ J‘ e(XL-’&)r(Xm,c-1Rk)d7 (76) 

The initial conditions (Eq. 50) on the f#Jk can now be invoked to 
determine the constants Tmk(0): 

1 
I 

(77) 

This completes the formal solution for the f$k, which can now 
be used in the evaluation of the required dispersion parameters. 
Explicit representations of Tmo, Tml and Tm2 are given in the 
Appendix. Before going on to a discussion of our mathematical 
development, we should note that for K = 0 we can obtain a more 
compact result, this time by expanding & as 

The differential equation for the Tnk(7) is now 

with solution 

where XO is the vector corresponding to A:,. 

DISCUSSION 

Through an extension of the generalized dispersion theory of 
Gill and Sankarasubramanian (1970, 1971), we have been able to 
determine the structure of the convective dispersion parameters 
appearing in the traditional axial dispersion model commonly 
employed in the description of mixing and mass transfer in mul- 
tiphase contactors. With this information on hand, we are now in 
a position to evaluate critically the general applicability of existing 
mathematical descriptions of such contactors, and here we make 
some qualitative observations. A numerical study is given in a 
companion paper (Hatton and Lightfoot, 1984). 

Because of the time dependence of the expansion coefficients 
&,,+I and 42, it is clear that the model parameters P, Vand R, too, 
must vary in a time-dependent fashion, and this is at variance with 
the usual constant-coefficient approximation made in modelling 
these contactors. This transient behaviour is, of course, well-known 
for single solute studies (Gill and Sankarasubramanian, 1970,1971; 
DeCance and Johns, 1978) where it has been shown that eventually 
these parameters attain constant asymptotic values, the length of 
the transient period being dependent on the lateral diffusion rate 
and system dimensions. For multiphase systems, however, it would 

seem that the phase interactions arising through interfacial mass 
transfer can also play a major role in determining this transient 
behaviour, as can the chemical activity of the species considered. 
That this is so for non-reactive solutes has been demonstrated 
elsewhere (Hatton and Lightfoot, 1982), and the magnitudes of 
the predicted effects under reactive conditions are considered in 
Part 11. 

Other significant differences between the usual axial dispersion 
model and that developed in this work are brought to light when 
the nondiagonal nature of the matrices To, TI and TZ is recognized. 
It is common practice to assume that the equations for the indi- 
vidual species are coupled only through the mass transfer or re- 
action terms. Our analysis indicates, however, that the velocity and 
dispersion coefficient matrices Vand rl, respectively, are non- 
diagonal, and hence that there is also a coupling of the individual 
species equations through the spatial derivative terms. These ad- 
ditional species interactions have previously been noted for mul- 
tisolute problems with heterogeneous, wall-catalyzed reactions 
(DeCance and Johns, 1980). Here, however, further complications 
occur as a result of the different averaging policies adopted for the 
individual phases. This can be an important consideration in the 
design and analysis of multiphase contactors, since it is usually the 
flow average concentration of each species that is of primary 
concern, and the velocity distributions can vary from one phase 
to the next. Again, we refer to our companion paper (Hatton and 
Lightfoot, 1984) for an assessment of the importance of these ef- 
fects. 

In anticipation of our numerical results, we can conclude that 
the dispersion parameters estimated using the constant coefficient 
model for the analysis of tracer response curves are, for the most 
part, largely irrelevant for application in the design of multiphase 
contactors. Furthermore, because of their explicit dependence on 
the mass transfer and reaction rate constants, even if the transient 
characters of these parameters were to be correctly accounted for 
during intraphase dispersion studies, the parameters could not be 
applied with confidence in the design of systems with interphase 
mass transfer and chemical reactions. 

NOTATION 

= coefficient vector for X, 
= coefficient matrix for X,, 
= solute concentration vector 
= equilibrium concentration vector 
= matrix of eddy dispersion coefficients (j-component) 
= matrix of molecular diffusion coefficients 
= vector of radial components of initial solute concentration 

distribution 
= identity matrix 
= Bessel function of the first kind of order Y 
= matrix of reaction rate constants for heterogeneous re- 

= matrix of reaction rate constants for irreversible hetero- 

= matrix of reaction rate constants for reversible hetero- 

= components of matrix K,, 
= matrix operator defined by Eq. 23 
= matrix defined by Eq. 55 
= total number of species 
= matrix of Peclet numbers for overall axial dispersion (Eq. 

= matrix of j-component Peclet numbers, u,A, Dr’ 
= matrix of effective rate constants (Eq. 20) 
= matrix of reaction rate constants for homogeneous re- 

= matrix of reaction rate constants for irreversible homo- 

= matrix of reaction rate constants for reversible homoge- 

= column radius 

actions, K = KIe, + K,,, 

geneous reactions 

geneous reactions 

22) 

actions, R = R,,, + R,,, 

geneous reactions 

neous reactions 

AlChE Journal (Vol. 30, No. 2) March, 1984 Page 241 



Bk 
r 
‘ij 

Tnk 

Z 

= vector defined by Eq. 44 
= radial coordinate 
= components of R,,, 
= time-dependent coefficient in eigenfunction expansion 

for 4 k  (Eq. 67) 
= time 
= reference velocity 
= normalized matrix of velocities, V ( T ) / U ?  

= matrix of effective velocities (Eq. 21) 
= velocity for single-phase, multisolute problem 
= matrix of velocities for multiphase problem 
= matrix of weighting coefficients for inner product (Eq. 

= diagonal components of W 
= eigenfunction of operator L 
= eigenfunction matrix of operator L (for homogeneous 

= axial component of initial solute concentration distribu- 

= axial coordinate 

25), defined by Eq. 36 

reactions only), defined by Eq. 67 

tion 

Greek Letters 

= nth root of Jl(a) = 0 
= surface area to volume ratio for tubular reader 
= matrix defined following Eq. 12 
= Kronecker delta 
= matrix of hold-up ratios 
= normalized axial coordinate z / R ,  
= normalized radial coordinate r/Rc 
= total average concentration, defined by Eq. 39 
= matrix of eigenvalues of L corresponding to an (homo- 

= eigenvalue of operator L 
= characteristic value of matrix M“, 
= dimensionless time, tu,/R, 
= matrix defined by equation (17) 
= matrix of coefficients in Gill expansion (Eq. 13) 

= matrix of weighting functions for concentration aver- 

geneous reactions only), defined by Eq. 68 

13) 

aging 

Superscripts 

T = transpose of vector or matrix 
= dimensional quantity I 

Subscripts 

m = weighted average 
r,q = radial component 
z ,  { = axial component 
0 = initial condition 

Other Symbols 

(-) 

(a ,b )  = inner product, ( aTc  Wb) 
{a]  = weighted average, ( o a )  
det = determinant of matrix 
diag = diagonal matrix 

= area average, 2 S,’ q(-)dq 
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APPENDIX: COEFFICIENTS rm0, r,, AND rm2 

The coefficients Tm0, Tml and Tm2 appearing in the eigen- 
function expansions for and $2 are: 

T,o(T) = Crne-x%T 

where 

un = (X,‘ WVXO) 
urn, = (x; WVX, ) 

and 

Page 242 March, 1984 AlChE Journal (Vol. 30, No. 2) 



which has the following limiting forms when two or more of the 
parameters a,  b and c are equal: 

(i) u = b , a # c  
e - a ~  - e-cr  

c - a  
(ii) a z b, a = c 

1 G(a,b,a,7) = - - 7e-ar 

(iii) b = c,  b # a 

1 1 e-aT - e - b r  
- 7 e - b r  

( b - a )  I b - u  
C ( a , b , b , ~ )  = - 

(iv) a = b, a = c 
G(a ,a ,a ,~ )  = 7e-aT 

Dispersion, 
Reaction in 

Mass Transfer and Chemical 
Multiphase Contactors 

Part II: Numerical Examples 
A numerical study, based on the theoretical developments of Part I of this series, 

has demonstrated that the chemical activity of a solute can have a significant effect 
on the convective dispersion behavior of multiphase reactors, and that the dis- 
persion parameters estimated using inert tracers for the individual phases may 
not be representative of the parameters that should be used in the design of reactive 
systems. Moreover, the use of different transverse averaging procedures for the 
individual phases can give rise to additional interaction effects between the phases 
which are not accounted for in the traditional axial dispersion models. The pre- 
dicted differences in dispersion parameter values depending on whether the solute 
is inert or not, are in qualitative agreement with published experimental re- 
sults. 

T. A. HATTON and 
E. N. LIGHTFOOT 

Department of Chemical Engineering 
University of Wisconsin 

Madison, WI 53706 

SCOPE 

Procedures for the rational design of multiphase contactors 
should allow for the reduction in mass transfer efficiency which 
invariably accompanies axial dispersion of the phases. However, 
a unique characterization of the dispersion processes for any 
given hydrodynamic situation using the .axial dispersion model 
does not appear possible, since it has been shown that the rate 
of interphase mass transfer can modify the effective dispersion 
processes to a significant degree (Hatton and Lightfoot, 1982). 
In Part I, an extension of the generalized dispersion theory of 
Gill and Sankarasubramanian (1970, 1971) to multiphase, re- 
active problems suggested that further modifications to the 

convective dispersion processes can be anticipated if the solute 
is chemically active. Moreover, the theoretical results indicate 
that the use of arbitrary transverse-averaging procedures for the 
individual phases may give rise to off-diagonal terms in the 
dispersion parameter matrices, thereby introducing additional 
interaction effects between the phases not normally accounted 
for in the axial dispersion model. The purpose of this paper is 
to report on a numerical study of these effects, for selected pa- 
rameter values, and thus to complete the study initiated in Part 
I. 

CONCLUSIONS AND SIGNIFICANCE 

The numerical results presented here confirm that the 
chemical activity of a solute within a given phase can have a 

significant effect on the dispersion characteristics of multiphase 
contactors, and suggest that more attention should be paid to 
large-scale channelling effects in the design of these contactors. 

operating under nonisothermal conditions, or for systems ex- 
Corrwpondence concerning this paper should be addressed to T A Hatton, Department of This is anticipated to be particularly important for reactors 

Chemical Engineering, M 1 T , Cambridge, MA 02139 
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